Abstract. We show that to answer affirmatively Zariski's question concerning the topological invariance of the multiplicity of complex analytic hypersurfaces at isolated singular points, it suffices to prove two combined statements, each of which may be obtained separately.
in [Ri-Tr] that if f and g are right-left bilipschitz equivalent germs at 0 of complex analytic functions on C n , then e(f −1 (0), 0) = e(g −1 (0), 0). It is this last result that we improve here, at least for isolated hypersurface singularities, since in what follows we assume that the origin is an isolated critical point of f .
First we observe that in 1989 it was established that if f −1 (0) and g −1 (0) have the same topological type, then there exists locally near 0 a homeomorphism
0) and such that |ϕ 1 (z)| = |z| for all z in some neighbourhood of the origin. This follows from very deep work of Osamu Saeki [Sa] : he used major results in cobordism theory of Kirby and Siebenmann [KS1] , [KS2] , Perron [Pe] , Quinn [Q] and Wall [W] , to prove that in all dimensions the two hypersurfaces f −1 (0) and g −1 (0) have the same topological type if and only if there exists a small sphere S 2n−1 centred at the origin in C n and a homeomorphism sending (
Clearly, when f −1 (0) and g −1 (0) are link-equivalent, the proof of Milnor [Mi, Theorem 2 .10] on the conical structure of isolated singularities then implies the existence of ϕ 1 , sending f −1 (0) onto g −1 (0) and such that |ϕ 1 (z)| = |z| for all z in some neighbourhood of the origin.
Now it is also known that if f −1 (0) and g −1 (0) have the same topological type, there exists a homeomorphism
This result is a consequence of theorems due to H. King [Ki] when n = 3 and to Perron [Pe] when n = 3, stating that topological V-equivalence is the same as topological right-leftequivalence, together with another theorem of King [Ki] stating that topological right-left equivalence of f and g implies that g is topologically right-equivalent either to f or tof , the conjugate of f , which has the same multiplicity as f .
After these two remarks, we formulate our result: 
Proposition. With the notations above, if there exists a homeomorphism-germ
Comments. We have seen that one can obtain homeomorphisms ϕ having either the property of ϕ 1 or the property of ϕ 2 , but it is apparently not known whether topological equivalence implies the existence of a homeomorphism having simultaneously the properties of ϕ 1 and of ϕ 2 .
The hypothesis of [Ri-Tr] , that there exists a germ of a homeomorphism ϕ 3 : (C n , 0) −→ (C n , 0) and positive constants A and B such that
for all w and z near 0 with w ∈ f −1 (0), is weakened here to the hypothesis (1) of the Proposition above, by using the characterization of multiplicity in the following lemma (cf. [Pl] ) which differs from the characterization of [Ri-Tr] . Note that it is still not known whether topological equivalence implies the existence of ϕ 3 as in [Ri-Tr] , whereas the existence of ϕ 1 follows from [Sa] as we described above. It is in this sense that the present note should be of interest because it suggests a plausible strengthened topological statement for topologists to attack which would answer Zariski's question affirmatively.
|f (z)| |z| δ is bounded near 0}.
Proof. The multiplicity e(f −1 (0), 0) is just the lowest degree of the homogeneous polynomials in the expression of f as a convergent power series near 0 (we assume that f and g are irreducible).
First we show that e(f
where f 0 is a non-zero homogeneous polynomial of degree m, and f 1 has only terms of degree larger than m . Write
By the triangle inequality, it suffices to show that each term
which tends to 0 as |z| tends to 0, because |z| is equivalent to sup{|z i | m : 1 ≤ i ≤ n} (equivalence of norms), and δ is assumed to be less than m.
To prove that δ(f ) = e(f −1 (0), 0) it is enough to show that δ(f ) ≤ m. So suppose now that δ > m. Consider z = (z 1 , . . . , z n ) such that z 1 = . . . = z n . We can suppose that z is not in the tangent cone of f −1 (0), after a suitable change of coordinates. Then |f (z)|/|z| δ is equivalent to |z 1 | m−δ , which is unbounded as |z 1 | tends to 0. It follows that δ > δ(f ), and hence that δ(f ) ≤ m. This completes the proof that δ(f ) = e(f −1 (0), 0).
Proof of the Proposition. Let δ(g) = δ and z = 0 in C n . The ratio
is uniformly bounded near 0, using the hypotheses (1) and (2) and the definition of δ(g). Again by definition of δ(g) and δ(f ), this implies that δ(g) ≤ δ(f ). By symmetry, δ(g) = δ(f ). The Proposition then follows from the characterisation of the Lemma.
